Chapter six Solution algorithms for pressure—

velocity coupling in steady flows




Navier-Stokes Equations
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Navier Stokes Equations
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Pressure is in momentum equations
which already has one unknown



Navier Stokes Equations

Continuity equation
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which already has one unknown

In order to use linear equation solver we need to solve two problems:
1) find velocities that constitute in advection coefficients
2) link pressure field with continuity equation



Pressure and velocities in NS
eguations

How to find velocities that constitute in advection coefficients?
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Pressure and velocities in NS
eguations

How to link pressure field with continuity equation?

SIMPLE (Semi-Implicit Method for Pressure-Linked Equations ) algorithm
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We have two additional equations for y and x directions

The momentum equations can be solved only when the pressure field is given or is
somehow estimated. Use * for estimated pressure and the corresponding velocities



2D Governing Equation of Laminar
Steady Flow (Navier-Stokes)

x-Momentum Equation:
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The pressure at the central node (P) ?

Give zero momentum source 1n the discretised equations as a
uniform pressure field. This behaviour 1s obviously non-physical
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= Store pressure at main cell centroids
= Store velocities on staggered control volumes
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(b) Staggered grid.

(a) Collocated grid.
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Advantages

. No interpolation required; variables are stored where they

. No problem of odd-even pressure decoupling

Disadvantages

. Added geometrical complexity from multiple sets of ®
nodes and control volumes.

. If the mesh 1s not Cartesian then the velocity nodes —>
may cease to lie between the pressure nodes that drive PY
them (see right).

—>
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Staggered Grid

Since the velocity grid

1s staggered the new
notation based on grid
line and cell face
numbering will be used.
Forward or Backward
Staggered Velocity Grids.
In Staggered Grid:
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Momentum Equation

= The uniform grids m Figure are backward staggered since the 1-
location for the u-velocity u; ; 1s at a distance of —0x,/2 from the
scalar node (I, J).

= In the new co-ordinate system the discretised u-momentum
equation for the velocity at location (1, J) 1s given by:

@; gl 3= 2l gl 5 — Pry—Prly AV, + SAV,

or,

a; U, 3= Euu M+ (P L7 — P _F} 1. gt .":' 7 Qelig— nzb;anh"nb + Ayipp— pgl + be

= where AV, is the volume of the u-cell, b, ; = SAV is the
momentum source term, A, ; 1s the (east or west) cell face area
of the u-control volume.
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In the new numbering system the £, W, N and .5 neighbours involved in
the summation > au,; are (1 — 1, 7), (1 + 1, ), (1, 7— 1) and (i, 7+ 1). Their
locations and the prevailing velocities are shown in more detail in Figure 6.3.
The values of coefficients 4; ; and a,; may be calculated with any of the
differencing methods (upwind, hybrid, QUICK, TVD) suitable for con-
vection—diffusion problems. The coefficients contain combinations of the
convective flux per unit mass F and the diffusive conductance D at u-control
volume cell faces. Applying the new notation system we give the values of F
and D for each of the faces e, w, n and s of the u—control volume:
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ay Uy j= 2y Uy + (Pr1— i AL+ by (6.10)

The neighbours involved in the summation 2.a,,v,, and prevailing velocities
are as shown in Figure 6.4.
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All properties, such as density and I', are stored at the main grid
points.

Continuity: (pu) Ay — (pu) . Ay +(pv). Ax — (pv]_Ax — 0
pul A pul A& Py, Pvl,
u-Momentum: aglig— ¥ agtiy +Av(pp— pg) + be
nb
v-Momentum: anVa = ¥ AV + A (Pp— py) + b

ob



The SIMPLE
algorithm

The acronym SIMPLE stands for Semi-Implicit Method for Pressure-
Linked Equations. The algorithm was originally put forward by Patankar
and Spalding (1972) and is essentially a guess-and-correct procedure for the



The SIMPLE
algorithm

a; gU; 7= za’né’?um’; + (p[—l,] o p[,])Ai,] + brf,] (68)

ay v ;= Xy O+ (P 1 — Pr AL+ by (6.10)



The SIMPLE
algorithm

ar’,]uf,] — Xﬂnbunb T (pf—l,] o p[,])Ai,] T brf,] (68)

ay jvp ;= Xy Vg + (Pr 1 — PrpAr; + br (6.10)

To initiate the SIMPLE calculation process a pressure field p* is guessed.
Discretised momentum equations (6.8) and (6.10) are solved using the
guessed pressure field to yield velocity components »* and v* as follows:

a; yuy=2ayugy + (P17 pT A 7+ bi 5 (6.12)

ap ;07 ;= 2ayvmt (PT 1 — p1 AL+ by (6.13)




Now we define the correction p” as the difference between correct pressure
field p and the guessed pressure field p*, so that

p=p*+p (6.14)

Similarly we define velocity corrections «” and v” to relate the correct velo-
cities # and v to the guessed velocities ™ and v™*:

u=u*+u (6.15)

v=v*+71 (6.16)




Subtraction of equations (6.12) and (6.13) from (6.8) and (6.10), respec-

tively, gives
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Subtraction of equations (6.12) and (6.13) from (6.8) and (6.10), respec-

tively, gives
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a; 7(u; g— uty) = Xaguy —ug) + [Py 7= 2709 — (r7— 21 plA;  (6.17)
ay v ;= v7;) = Lay(Vw— V) + [(Pr 00— 2T -0 — (17— 2T 1A, (6.18)



a; 7(t; g— ujty) = Xagugy —ug) + (P y— 2109 — Pr7— 21 plA 7  (6.17)
ap fvr ;= 1) = Law(Vw— V) P10 — 2750 — (17— 2T 1A, (0.18)



a; 7(t; g— ujty) = Xagugy —ug) + (P y— 2109 — Pr7— 21 plA 7  (6.17)
ap fvr ;= 1) = Law(Vw— V) P10 — 2750 — (17— 2T 1A, (0.18)

Using correction formulae (6.14)—(6.16) the equations (6.17)—(6.18) may be
rewritten as follows:

a; 4ty 3= 2agtty + (P17~ P1 PAi 5 (6.19)
ap v ;= 2O+ (pr 11— 1 9)AL (6.20)



a; 7(t; g— ujty) = Xagugy —ug) + (P y— 2109 — Pr7— 21 plA 7  (6.17)
ap fvr ;= 1) = Law(Vw— V) P10 — 2750 — (17— 2T 1A, (0.18)

Using correction formulae (6.14)—(6.16) the equations (6.17)—(6.18) may be
rewritten as follows:

a; 4ty 3= 2agtty + (P17~ P1 PAi 5 (6.19)
ap v ;= 2O+ (pr 11— 1 9)AL (6.20)

At this point an approximation is introduced: Xa,u,; and >a, v, are
dropped to simplify equations (6.19) and (6.20) for the velocity corrections.
Omuission of these terms i1s the main approximation of the SIMPLE
algorithm. We obtain

uj y=d; /(pr-1 7= P17 (6.21)

vr;=dr(pry-1— P13 (6.22)
A, A

where d, ;=—L and d; ;= — (6.23)
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Equations (6.21) and (6.22) describe the corrections to be applied to velo-
cities through formulae (6.15) and (6.16), which gives

; g=uiztd (P y— Py (6.24)
v i=vf;td(pr g1~ P17 (6.25)

Similar expressions exist for u,, yand vy
sy, g =ui+, g+ disy 7 (P17 = P1+1,7) (6.26)
U1 =011 Hdp (P17~ PIy1) (6.27)



Equations (6.21) and (6.22) describe the corrections to be applied to velo-
cities through formulae (6.15) and (6.16), which gives

; g=uiztd (P y— Py (6.24)

v i=vf;td(pr g1~ P17 (6.25)

Similar expressions exist for u,, yand vy

sl g =41 7+ dis1 7 (P17 Pi+17) (6.26)
U1 =011 Hdp (P17~ PIy1) (6.27)

[(puAd)isr 7= (puAd); g1 + [(PrA); 41 — (PrA)y ;] =0 (6.29)
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[(puAd)isr 5= (PuA); 5] + [(PvA)f j1 — (PrA) 4] =0 (6.29)

Substitution of the corrected velocities of equations (6.24)—(6.27) into
discretised continuity equation (6.29) gives

[Pis1 7 A1 gy gt diy J(P1 7= P10 ) — Pig A 70Ty
+d, (P g— P D F 1P AL (0T 0+ di (P17 — 1 ge1)
= PrAr (0T + dr(prya—p17)]=0 (6.30)
This may be rearranged to give
[((pdA)is1 g+ (pdA) 3+ (pdA)r o1 + (pdA)i jlp1 7 = (PdA)iv 7p141 5
+ (pdA); gpi1 7+ (PdA) 101 31 + (PAA) 01 721
+ [(pu*A), 3= (pu*A)py 5+ (Pr*A) ;= (P A) j]  (6.31)

Identifying the coefficients of p”, this may be written as

aygPry=ap Pyt @ g gt @ g ign T ar P b7 | (6.32)




Identifying the coefficients of p’, this may be written as

aygprg=ar1 P+ g+ @ P gt @pgaPrm tap P oy | (0.32)

where a;y=ar+ y+ap) y+ajy g1 +a; 1 and the coefficients are given below:

#
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p*=p, u* =uand v* =v.

The pressure correction equation is susceptible to divergence unless some
under-relaxation is used during the iterative process, and new, improved,
pressures p™" are obtained with

P =%+ oy (6.33)



p*=p, u* =uand v* =v.

The pressure correction equation is susceptible to divergence unless some
under-relaxation is used during the iterative process, and new, improved,
pressures p™" are obtained with

P =%+ oy (6.33)

The velocities are also under-relaxed. The iteratively improved velocity
components " and v™" are obtained from

W' = o+ (1— o )u™") (6.34)

" = oo+ (1 — o)) (6.35)



The velocities are also under-relaxed. The iteratively improved velocity
components ™" and v™" are obtained from

@ — o+ (1 — o )u™™ (6.34)
0% = oo + (1 — oo™ (6.35)
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The velocities are also under-relaxed. The iteratively improved velocity
components ™" and v™" are obtained from
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( START )

i

Initial guess p*, u*, v¥, ¢*

* . * *
iy Uy =ZagUop+ (P,

. *
a; Vi = X8Vt (P

STEP 1: Solve discretised momentum eguations

= ph) Au+ by
—pi) AL+ by

y

u*, v*

STEF 2: Solve pressur

e correction equation

8y Plu= @y Pras + 8nag Phas t 8pm Plea + 8a Pl + Bl

Set
p*=p u*=u
Vv, 0% =0

3

I

u, = UTJ + d
vy =Vvij+d,

STEP 3: Correct pressure and velocities
P= f-':'..‘r + Pl
v} (P’H_;— D:.f)

J (Pl =P

3

. u, v, ¢

y

STEP 4: Solve all other discretised transport equations

iy = 8t e+ 81O

+ 8y Qruca T Epaen Opsa + By

MNo

Convergence?

STOP




( START )

Initial guess p*, u*, v*, ¢*

STEP 1: Solve discretised momentum equations
dj Ufj = Xa,,Uh, + (pT—i,J - DTJ) A+ b,

* * *
a, Vi =ZapVut (Pa—P7)) A+ by

u*, v*

STEP 2: Solve pressure correction equation

/7 /7 / V4 / 4
a;y Pry= 381, Pia,y+ a1,y Pyt apa Py + 8usa P + b,

4

p




STEP 3: Correct pressure and velocities
Py =P+ O
Uy = U;I,(J + diy (Pla,y— P1))

X
Vi =Vii+ d,; (Pl — D))

p, u, v, ¢*

STEP 4: Solve all other discretised transport equations

a;,0,)= 81011+ 841, P11+ 811 Or 1 + 8111 Or s + Dy




]

Set
p* =p, U =u
Vi=wv, 0" =

Convergence?

( STOP )
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Other methods

SIMPLER
SIMPLEC variation of SIMPLE
PISO

COUPLED - use Jacobeans of nonlinear velocity functions to form
linear matrix ( and avoid iteration )



Residual

Example:
x-exp(1/x)-2=0
Find x using iteration

Explicit form 1: Explicit form 2:

x=exp(1/x)+2 x=1/(In(x)-In(2))

Solution process:

Guess x°
- Not all iteration
Iteration : process converge!
1— 0 1—vy1_40
Xz__eXp(1/X1)+2 , R 2—_X2X1 See the example for
Xe=exp(1/xh)+2 R“=Xx*-X the same equation



iteeration (n)
n=0, initial guess

Convergence example

Function in explicit foramt  x=exp(1/x)+2 residual Function in explicit format x=1/{In{x)-In(2}) residual
1 3

1 4718281828 3.7182818 i 2.466303462 0.5336965
2 3.236075644 1.4822062 r 4.771600765 2.3052973
3 3.362084521 0.1260089 " 1.150040416 3.6215603
4 3.346400212 0.0156843 i -1.807174174 2.9572146
5 3.348273472 0.0018783
5] 3.348052477 0.0002260
7 3.348079654 0.0000272

8 3.348076385 0.00000323

9 3.348076778 0.0000004
10 3.348076731 0.0000000
11 3.348076737 0.0000000
12 3.348076736 0.0000000
13 3.348076736 0.0000000
14 3.3480767306 i 0.0000000
15 3.348076736 0.0000000
1 3
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Residual calculation for CFD

 Residual for the cell

iteration
4/ !
R(Dijk:q)kijk'q)k_lijk
_ / \ cell position
Variable: p,V,T,...

« Total residual for the simulation domain
Raotota=2|Ro,,|
For all cells
« Scaled (normalized) residual
Ro=%|Rao,|/Fao

Flux of variable ® used for normalization
Vary for different CFD software



Relaxation

Relaxation with iterative solvers: ivergence
variable /

When the equations are nonlinear T . /\

: . solution

it can happen that you get divergency T

In iterative procedure for solving considered

time step convergence

»
|

Solution is Under-Relaxation:

\ iteration
Y*=f-Y(n)+(1-f)-Y(n-1) Y — considered parameter , n —iteration , f — relaxation factor

Value which is should be used for the next iteration

For our example  Y*, ioration 100=F Y(100)+(1-) - Y{(99)

f = [0-1] — under-relaxation -stabilize the iteration
f=[1-2] — over-relaxation - speed-up the convergence

Under-Relaxation is often required when you have nonlinear equations!



Example of relaxation
(example from homework 3 assignment)

Example: Advection diffusion equation, 1-D, steady-state, 4 nodes
ayTygt+ bNTN +Cy Ty = fN

1) Explicit format: _
T, =1/bf, —a /by Tys—Cn/OnThis 1 2 3 4

C
@)
©)

2) Guess initial values:
TW=. T)=. T)=. T =.
3) Substitute and calculate:
Th=1/bf, —c,/b,T%
T2 =1/b,f, —a,/b,Th —c,/b,T% Tio., T

=, Ti=., T'=.
1 . 1 0 ’ *
T =1/b,f, —a,/b,T% —c /b, T %

T4 =1/b,f, —a,/b,T% T =fT}+(1-OT), T, =fT,+@1-HT,,

4) Substitute and calculate: -/ Tr=.., Ti=. T =. T/=.

2r _ g2 _ 1 2r _ 12 _ 1
Substitute and calculate: — | T =7 +Q-NT, T, =T, +(1-HT,,




